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Abstract

Analogies are commonly used by mathematics teachers as one of the major methods for teaching mathematical concepts. However, false analogies may have countereffects, for example, producing mathematical misconceptions. This paper discusses the major mechanism of analogical reasoning, the positive use of analogies, and how false analogies may disrupt mathematical reasoning. In particular, two major factors that possibly cause false analogies in mathematics teaching and learning will be explored. One factor is the allowance of object difference in an analogical mapping. The other factor is homomorphic mapping that allow partial structural mapping in an analogy. Through the investigation of the two factors, it is argued that analogies may not or should not be the means for justifying or proving mathematical statements, although they may be helpful in teachers’ teaching when introducing or explaining new mathematical concepts to students. This paper suggests that mathematics teachers should know the functions and distinctions between analogical and mathematical reasoning, pay attention to the two factors to avoid creating false analogies, and carefully use but not to abuse analogies (e.g., overtaking mathematical reasoning) in mathematics classrooms.  
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Background
Analogy is one of the major methods in human learning. According to Gentner and Markman (1997, 2010), analogy is central in cognitive processing. It is “a process of establishing a structural alignment between two represented situations and then projecting inferences” (Gentner, 2010, p. 753). The structural alignment is a mapping from the source domain to the target domain, one-to-one correspondence between the mapped objects. The relational structure of the objects in the source domain is parallelly mapped to the target domain. Therefore, an analogy is a structure-preserving mapping from the source and target domain. As Gentner and Holyos (2017) noted, “analogical processing… comparing two situations involves a process of establishing a structural alignment between the two representations–that is, an alignment based on matching like relations between the analogs” (p. 675). There may be more than one relational structure correspondence. The global (or major) structure will overpower the local (or sub) structures. Once the alignment is settled, inferences in the source domain, then, may be projected into the target domain (Gentner & Markman, 1997, p. 47). Analogies are commonly used for knowing the less known target domain by drawing the inferences from the source for explaining and/or deriving novel knowledge about the parallel structure of the target domain. (Richland, Holyoak, & Stigler, 2004, p. 41). 
There are three important facts in the structure mapping process of an analogy. First, object differences are allowed. Objects between the source and target domain do not need to be common, although the relational structure between the two domains must be common. As Gentner & Mark (1997) noted, “Common relations are essential to analogy; common objects are not” (p. 46) and “analogies must involve common relations but need not involve common object” (p. 47). The second important fact is that an analogical mapping does not have to be isomorphic. Homomorphic analogies are common. An analogical mapping may be isomorphic, homomorphic, or axiomatic (Schlimm, 2008).  An isomorphic mapping is a one-to-one and onto mapping. Every object in the target domain is mapped by exactly one object from the source domain, and every object in the source domain is paired with exactly one object in the target domain. In addition, the relational structure between objects in the source domain in the meantime are mapped into the target domain. For example, in Figure 1 below, each object (vertex) on the rhombus is mapped by one and only one object (vertex) from the square, and the relational structure between the objects (edges between distinct pairs of vertices) in the square is mapped parallelly to the corresponding pairs of vertices in the rhombus.  
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Figure 1. An example of isomorphic mapping

A homomorphic mapping does not need to be one-to-one nor onto. The only requirement is that some relational structure is aligned between the source domain and the target domain. Since it is defined by Gentner & Markmans (2010) that an analogy need to be an one-to-one mapping, the following example (See Figure 2) illustrate an one-to-one homomorphic mapping where only partial structure in the target is mapped between the source (the triangle) and target (the square) domain. 
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Figure 2. An example of homomorphic mapping

The third important fact is that an analogy may not be successful. There are false analogies. Once an analogical mapping is settled, the inference rules in the source domain may be projected to the target domain to explain the target domain or attain novel knowledge from the target domain. A false analogy means the inference rules projected from the source domain fail to explain the target domain. In other words, the correctness of the projected inferences (from the source domain) must be checked in the target domain. As Gentner and Markmen (1997) noted, “Any process capable of producing novel true inferences is also capable of generating false inferences” (p. 47). In the context of mathematics, a false analogy may produce mathematical misconceptions.

Positive and negative (false) analogies
Analogical reasoning is commonly used in mathematical teaching and learning. Analogies based on physical objects (the source domain) are used to help students understand mathematical ideas (the target domain). For example, base ten blocks are commonly used by teachers to help students understand the based-ten place value system. Pictorial aids such as pizzas are used to help students learn the idea of fractions. A balance is used to help students learn the additive and multiplicative properties of equality. As English (1999) stated, “These concrete and pictorial aids are analogues of the mathematical ideas. That is, they are designed to mirror the structure of an abstract concept”. Analogies used in mathematics teaching do not just stay at the physical-object level. Analogies based on mathematical concepts (the source) may be used to help students learn novel mathematical concepts (the target). For example, some teachers use the analogy “different denominators are like different units” to help students see the need of converting different denominators into a common one when adding or subtracting fractions, just like converting different units into the same unit for comparison or calculation (Richland, Holyoak, & Stigler, 2004, 45). Analogies may also be used for learning new mathematical skills or procedures. For example, teachers may draw the rule for reducing a fraction (e.g., 16/20) from the domain of rational numbers to help students learn to reduce the division of polynomials (e.g., ), as they have similar fractional structure.  
Analogies are not always positive or successful. A negative or false analogy is an analogy where the inference rules projected from the source are not applicable to or even invalid in the target domain. Considering the analogy from the source (ab)2 to the target (a+b)2, the aligned structure is an exponent outside a pair of parentheses. Some students project the inference of distributive property (i.e., (ab)2=a2b2) from the source to the target and obtain (a+b)2=a2+b2, which is false. Apparently, the different operations (object difference) between a and b in the source and target domains do not prevent the analogy from happening. Similar misconceptions of analogy-based generalization (Gentner, 2010; Gentner & Hoyos, 2017; Schmid, Wareham, & Rooij, 2010) of the distributive property can be found in mathematics classrooms and the literature (Egodawatte, 2011; Skane & Marie, 1993) such as log(x+y)=log(x)+log(y), cos(x+y)=cos(x)+cos(y), or |x+y|=|x|+|y|. Other common misconceptions like 2+3x = 5x may be due to carrying an analogy from the integer domain (the source) while ignoring the variable x. The common structure in this case is the addition of two whole numbers. The omission of the variable x makes the analogy a homomorphic analogy. The misconception  = 2x+3 may be due to an analogy from fractions (the source) while the reduction rule for fractions is carried over to the rational expression , where the number “3” in the numerator is omitted. The neglection of the number “3” makes this analogy a homomorphic analogy. 

False analogies caused by object differences
Object difference, which is allowed in an analogical mapping, could be one of the major causes for a false analogy. As mentioned in the beginning, an analogical mapping is the alignment of structure. Objects between the source and target do not have to be common, which makes it a problem in the definition-based or rule-based mathematics because different objects may have different definitions and follow different rules (e.g., whole numbers and fractions follow different rules for addition). Considering the analogy from the source (ab)2 to the target (a+b)2, the object (or operation) between a and b is multiplication in the source, but it is addition in the target. As the inference rule (i.e., the distributive property for exponents) in the source is projected to the target (i.e., (a+b)2), the inference actually violates the rule for multiplying polynomials because . The different operations between a and b (i.e., “+” and “”) follow different rules when there is an exponent outside a pair of parentheses. As a result, a false analogy (i.e.,  is created as the mathematical rule of the source (i.e., the distributive property for exponents) is projected to the target while the object “+” in “(a+b)” in the target domain actually follows different mathematical (or exponential) rule. Considering the analogy from the source 5(2x+3) = 10x+15 to the target cos(x+y). The common structure is a pair of parentheses and some element outside the pair of parentheses. However, the objects outside the parentheses between the source and target are very different. One is a number “5”, but the other is a trigonometric function “cosine”. When the distributive property in the source is projected to the target (i.e., cos(x+y)=cos(x)+cos(y)), it violates the property of the function cosine. The function cosine is not a homomorphism under the operation “+” (i.e., cos(x+y)≠cos(x)+cos(y)). The above two false analogies were discussed in the literature (Skane & Marie, 1993) as the overgeneralization of the distributive property, but there was no explanation of how such overgeneralization is developed. This paper suggests that this “overgeneralization” is based on analogical mapping (Gentner, 2010; Gentner & Hoyos, 2017; Schmid, Wareham, & Rooij, 2010). The major cause may be the allowance of object difference in analogical mapping as discussed above.

False analogies caused by homomorphic mapping
In the structure alignment of an analogical mapping, it is a homomorphic mapping if the structure of the source is mapped to part of the structure in the target. A homomorphic mapping may cause a false analogy because it omits partial objects or structure in the target. In mathematics, there are plenty of objects that form composites. Objects in a composite cannot be dealt with separately. A polynomial, a linear equation, a quadratic function, or even an abstract structure like a ring is a composite. A homomorphic mapping may break a mathematical composite (e.g., only part of a composite is mapped), and causes invalid mathematical reasoning. For example, some students perform 2+3x=5x. This misconception may be caused by the homomorphic analogy of taking 2 and 3 as two numbers for addition and neglecting x or putting x aside, and then obtaining 5x. However, the term 3x is a composite where 3 is the coefficient of x, or, there is a triple of x. The two objects “3” and “x” cannot be treated separately, but a homomorphic mapping allow partial mapping that separates “3” and “x”. Therefore, the homomorphic mapping causes a false analogy. Here is another example. Many students reduce the rational expression  to 2x+3. This may be caused by the homomorphic analogy of seeing the fraction structure in the rational expression, and then projecting the reduction rule from fractions to  but neglecting “+3” in the target. However, the object 2x2+3 in the numerator is a composite (a polynomial). The composite is divided by x in the expression  . A polynomial divided by another polynomial cannot be treated as only part of the polynomial (e.g., 2x2) divided by the other polynomial (e.g., x). Neglecting or omitting part of a composite in a homomorphic mapping could result in invalid mathematical inferences and produce misconceptions. 

Analogies do not justify mathematical statements
Analogies cannot or should not be used to justify or prove mathematical statements and produce mathematical truths, according to the incorrect mathematical statements caused by false analogies. Positive analogies may help one understand, interpret, or explain new mathematical objects or concepts, but they are not the means for justifying or proving whether a mathematical statement is true or not true. Analogy functions as a facilitator to help one make sense or model situations. However, as mathematical inferences are definition-based and rule-based, analogy may not or should not be a means for carrying mathematical reasoning or inferences.
Analogical reasoning competes with mathematical reasoning, and sometimes even overrides mathematical reasoning. For example, students still make the mistake (a+b)2= a2+b2 or , even after they already learned that (a+b)2=(a+b)(a+b)=a2+2ab+b2 or . As analogy still plays as the central cognitive mechanism in human learning, mathematics teachers may not be fully aware of the distinctions or may be even confused between the two kinds of analogical reasoning and mathematical reasoning. Often, analogical reasoning overtakes mathematical reasoning and causes misconceptions, misunderstanding, and could be the source of difficulties in students’ learning of new mathematical concepts.   

Conclusion and implications
Analogies help humans understand a situation (the target) from another better-known situation (the source) by omitting object difference and seeing the common structure between the two situations. After aligning the common structure, one may make sense of the target structure by brining interpretations or inferences from the source onto the target structure. However, there are two important premises teachers shall acknowledge before performing analogical reasoning in a mathematics classroom. Before conducting an analogical reasoning, teachers should select analogies carefully so that they do not violate the validity of the structure in the target domain. In other words, teachers should pay attention to object difference and homomorphic mapping when applying analogical reasoning to avoid creating false analogies. Second, teachers should not use analogies to justify or prove mathematical statements. Analogical reasoning does not justify or prove mathematical statements. Mathematical truths are based on the validity of structures, not the alignment of structures. A valid mathematical structure (e.g., rational numbers) is based on definitions, properties and rules, and logical inferences. Analogies may be used by teachers to help students understand new mathematical concepts, but they do not prove and produce mathematical truths.
To avoid creating a false analogy, teachers may want to examine object differences between the source and target structure so that the structure (e.g., definitions or rules) in the target may not be violated by the projected inferences from the source. Also, teachers may want to avoid homomorphic mapping, which aligns the structure of the source to part of the structure in the target. Neglecting partial structure in the target may make the projected inferences (from the source to the target) violate the structure (e.g., definitions or rules) in the target and cause false analogies.
It is important for mathematics teachers to understand that analogies are used for understanding or interpretation purpose. Analogies do not assure mathematical correctness and validity. It is crucial that teachers do not make the impression to students that mathematical truths may be attained by using analogical reasoning. Otherwise, students may be encouraged to produce mathematical misconceptions due to the practice of analogical reasoning. Analogies may help students understand mathematical structures, but teachers should constantly remind students that the analogies they used in classroom are carefully selected and work as facilitator, not a tool for proving or justifying mathematical statements. It will also help if teachers educate their students what a false analogy is and how a false analogy is corrected based on mathematical reasoning, not analogical reasoning. 
This paper has several implications. First, we may observe mathematics teachers concerning how frequently positive and false analogies are used in their classrooms. Second, we may have a list of positive and negative analogies on a piece of paper and ask teachers to identify which analogy is positive and negative (false). Third, we may ask and observe teachers how they correct a false analogy through mathematical reasoning. 
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